point in the construction of generalized Fourier transforms interacting with Dirac operators. We refer to the reader to, e.g., Refs. 1, 24, 25, and 26. It is our goal to show that the solutions for the Lévy-Leblond operator can also be written using suitable hypergeometric functions. This will be achieved as follows. We expand the solutions first as a series of spherical harmonics or spherical monogenics multiplied with radial functions. Using a result from Ref. 5 , we find the relation between the coefficients and express them as hypergeometric functions. A clever rewriting yields a concise result; see Theorem 3.1. Finally, we will extend these techniques to find solutions of the generalized parabolic Dirac operator leading to Theorems 4.4 and 4.5.
The paper is organized as follows. Section II contains the necessary preliminaries on Clifford algebras and the Lévy-Leblond or the parabolic Dirac operator. Section III determines solutions of the parabolic Dirac operator, culminating in Theorem 3.1. In Sec. IV, we define the generalized parabolic Dirac operator and determine its solution. We end with conclusions and an outlook for further research.
II. PRELIMINARIES
In this section, we introduce all concepts necessary for the paper. We mostly follow the notations from Ref. 5 .
A. Clifford algebras
Let us consider the vector space R 1,m+1 with basis (ϵ, e 1 , e 2 , . . . , e m+1 ). We use it to construct the Clifford algebra Cℓ 1,m+1 of signature (1, m + 1) as the algebra generated by the basis elements ϵ, e 1 , e 2 , . . . , e m+1 under the relations
The main involution is defined on the basis elements as
and it extends to the whole Clifford algebra Cℓ 1,m+1 by (ab) * = a * b * and (a + b) * = a * + b * .
We now introduce the nilpotent elements f = (e m+1 − ϵ)/2 and f † = −(e m+1 + ϵ)/2 which satisfy
(2.1)
The Clifford algebras Cℓ 1,1 generated by f, f † and Cℓ 0,m generated by e 1 , e 2 , . . . , em are clearly subalgebras of Cℓ 1,m+1 . In fact, it holds that Cℓ 1,m+1 = Cℓ 1,1 ⊗ Cℓ 0,m . The elements f and f † are crucial to factor the heat operator. For more details on Clifford algebras, we refer the reader to, e.g., Ref. 2.
B. The Lévy-Leblond or parabolic Dirac operator
The standard (orthogonal) Dirac operator is given by
∂ 2 x i is the Laplace operator on R m . The symbol of the Dirac operator ∂x is denoted by the vector variable
and satisfies x 2 = −|x| 2 = −∑ m i=1 x 2 i . Using the nilpotent elements f, f † , we can now introduce the Lévy-Leblond or parabolic Dirac operator.
It is easy to show, using (2.1), that the parabolic Dirac operator indeed factors the heat operator, i.e.,
Remark 2.2. The parabolic Dirac operator can be altered to the Lévy-Leblond operator by putting imaginary units at suitable positions. The Lévy-Leblond operator will factor the Schrödinger operator instead of the heat operator; see Refs. 3, 11, and 12. This choice has no impact on the sequel, apart from the normalizations of constants.
Using the decomposition Cℓ 1,m+1 = Cℓ 1,1 ⊗ Cℓ 0,m in terms of the nilpotent elements f, f † , any Cℓ 1,m+1 -valued function F = F(x, t) can be uniquely decomposed as
We will say that a Cℓ 1,m+1 -valued function F(x, t) lies in C [k,l] (Ω) if and only if F is of class C k with respect to x and of class C ℓ with respect to t.
The following theorem was proven in Ref. 5 .
Finally, we introduce a few important spaces of polynomials with values in suitable Clifford algebras. Let P k (R m ) be the space of khomogeneous polynomials on R m . Then, we introduce the space of spherical monogenics of degree k (see Refs. 18 and 19) as
This is a refinement of the space of Clifford algebra-valued spherical harmonics of degree k defined as
Depending on the situation, we may let the spherical harmonics or monogenics take values in a larger Clifford algebra such as Cℓ 1,m+1 .
We will need the following technical lemma, which was proven in Ref. 19 , Proposition 2, p. 217.
Lemma 2.4. For M k (x) ∈ M k (R m , Cℓ 0,m ) and g(ρ) a scalar function of ρ = |x|, we have
We then immediately obtain the following corollary.
III. NULL-SOLUTIONS OF THE PARABOLIC DIRAC OPERATOR
Now, we will investigate the null-solutions of the parabolic Dirac operator Dx ,t , i.e., functions F(x, t) satisfying
Dx,tF = 0.
We will do this by means of series expansions of the component functions F [i] (x, t), i = 0, . . . , 3. By separating the radial variable ρ = |x|, the general terms will be of the form
From Corollary 2.5, we observe the following relations:
We combine (3.1) with the necessary and sufficient condition of Theorem 2.3. This will give us conditions under which a Cℓ 1,m+1 -valued function of the form
is a null-solution of the parabolic Dirac operator. At this point, we assume F ∈ C [2,∞] and absolute convergence of the series in (3.2). The function
satisfies the heat equation if and only if
Therefore, the functions a 0 ℓ (t) and b 0 ℓ (t) have to fulfill the recurrence relations
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,
for ℓ ∈ N. In (3.3) and (3.4), we have used the Pochhammer symbol (a) 0 = 1 and (a) k = a(a + 1) ⋅ ⋅ ⋅ (a + k − 1) for k ∈ N/{0}. Summarizing, F [0] and F [2] can be written as
and
where s = ∂t and 0 F 1 (γ; x) = ∑ ∞ n=0
x n n!(γ) n is a hypergeometric function. Using Theorem 2.3, we can generate the remaining components F [1] and F [3] . From F [1] 
Hence, we obtain
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for ℓ ∈ N. This leads to
We obtain 
10)
This leads to 
It is now possible to formulate the following theorem, which presents the solution (3.12) in a much more concise way. 
is a spherical monogenic of degree k, and a(t) is a Cℓ 1,m+1 -valued function.
Proof. By taking a 0 0 (t) = a(t), b 2 0 = −a(t)/(2k + m), and a 2 0 = b 0 0 = 0 in (3.12), the null-solution for the parabolic Dirac operator can be expressed as
Since
we have
Hence, for suitable choices of the input functions, (3.12) indeed reduces to (3.13) . Now, we show that any solution of the form (3.13) is of the type (3.12). If a(t) is not restricted to Cℓ 0,m but allowed to vary in Cℓ 1,m+1 , we verify that
which is the coefficient of a 0 0 (t) in the general solution (3.12) . Similarly, the coefficient of a 2 0 (t) is obtained by multiplying (3.14) to the right by f † . Analogously, multiplying to the right by (m + 2k)f and −ff † gives the coefficient of b 0 0 (t) and b 2 0 (t), respectively. □
IV. SOLUTIONS OF THE GENERALIZED PARABOLIC DIRAC OPERATOR
Definition 2.1 inspires us to define a more general class of Dirac operators as follows. Introduce the following element of Cℓ 1,1 :
where a, b, c, d are complex constants. 
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As far as we are aware, the operator of Definition 4.1 has not been studied before.
We state some direct observations. Let ζ be as above, then it can be represented by ( a b c d ). Its main involution is given by
This is represented by the matrix
or in terms of the Clifford elements
We are looking for solutions of the generalized Dirac equations, i.e., functions g that satisfy (∂x + ζ)g = 0.
(4.1)
Consequently, they also satisfy (−∂x + ζ * )(∂x + ζ)g = 0: hence, they are solutions of the generalized Helmholtz equation 
Proof. By change of variables, we find for a radial, C 1,1 -valued, entire function f (ρ),
If we now use x∂x
Hence, a general solution in terms of harmonic polynomials is given by 
as potential solutions for the generalized parabolic Dirac equation. 
Proof. Applying the Dirac operator to the building blocks (4.3) in terms of monogenic polynomials yields
Requiring that (∂x + ζ)g = 0 yields the following equation for each k: Remark 4.8. When putting a = d = 0, c = 1, and b = ∂t, we re-obtain the parabolic Dirac operator Dx ,t . Here, we are slightly abusing notation by allowing b to be a partial derivative with respect to t as this still commutes with x -variables. If we now apply Proposition 4.7 with λ± = ± √ −s, where s = ∂t, to the solution of the generalized parabolic Dirac operator, we get the same result as in Sec. III.
V. CONCLUSION AND OUTLOOK
In Theorem 3.1, we have shown that solutions of the parabolic Dirac operator can be written in terms of hypergeometric functions. Using these techniques, we proved that solutions of the generalized Dirac operator can be written as a series of hypergeometric functions multiplied with spherical monogenics. If we represent the Clifford algebra Cℓ 1,1 by complex-valued 2 × 2 matrices, we can use Sylvester's formula to interpret the results.
In future research, we will address the question of how the symmetries of Refs. 11 and 12 act on the solutions of the Lévy-Leblond equation.
